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Potential-growth indicator problem in matrix
models of population dynamics

Klochkova I.N.
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Given a set of demographic parameters for a structured model pop-
ulation, the potential-growth indicator, R, is a calculable indicator of
growth/decline/equilibrium in the population size. Calculating R enables
one to see the asymptotic dynamics without finding the dominant eigen-
value, λ1, of the projection matrix.

It is of applied value whenever available data are insufficient to calibrate
the projection matrix. It is long-known that if, in the classic Leslie model,
p(λ) denotes the characteristic polynomial, then R = 1−p(1) is quite easy
to calculate [1]:

R = b1 +
n

∑

i=2

bis1 . . . si−1,

where bi and si are age-specific birth and survival rates, and R >/</=
1 is equivalent respectively to λ1 >/</= 1. In the Lefkovitch model for
stage-structured population, the same equivalence was proved [2] to hold
for

R = 1 −

n
∏

j=1

(1 − rj) +
n+1
∑

i=1

libi

n
∏

j=i+1

(1 − rj),

where formally rn+1 = 0, l1 = 1, li = s1s2 . . . si−1.

In Logofet’s models for age-stage-structured populations, the rojection
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matrix expands the Lefkovitch one up to the following general form:

L =























b1 + r1 b2 · · · bn−1 bn

a21 r2

a31 a32
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...

. . .

an−1,1 an−1,2 rn−1

an,1 an,2 · · · an,n−1 rn























,

with nonnegative low-triangular entries. Established is the following
Potential-Growth Indicator Theorem:

If L is an indecomposable Logofet matrix with nonnegative elements
and apq,ri ≤ 1, then

R = 1− (1− r1 − b1)
n

∏

h=2

(1− rh)+
∑

i=0...n−2;j=n−i...n;σ

bjs
n−1−i
j

∏

h 6=j,σ

(1− rh)

with σ meaning all possible non increasing permutation of indexes in prod-
uct of apq is sk

d where k is number of multiplier, d is the first index of first
multiplier; serves a potential-growth indicator with the above-stated prop-
erty.
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